In this paper, we propose various sufficient conditions to determine if a given real number is an irrational number or a transcendental number and also apply these conditions to some interesting examples ,particularly,one of them comes from complex analytic dynamics.
Introduction
In series theory, there is well known Cauchy convergence test which is used to determine convergence of a given series,but Cauchy convergence test usually is not practical in most applications,so there come out various convergence test such as D'Alembert convergence test ,integral convergence test and so on. In Diophantine approximation theory, we are in totally different situation that we already have necessary and sufficient condition to determine if a given real number is an irrational number or a transcendental number such as well known Roth theorem but seems to be lack of practical test just as various convenient test in series theory.
The purpose of this paper is to propose some sufficient conditions for convenient use in determining if a given real number is an irrational number or a transcendental number and also give out various interesting examples to illustrate how to apply these conditions,particularly, we will explain an example coming from complex analytic dynamics in detail. At the end of this paper, we propose a conjecture about rational approximation of any irrational number. Proof. First of all, since condition (2) implies lim n→∞ c n+1 cn = 0, the series ∞ n=1 c n is convergent and set the convergent result to be θ. We will use indirect method to show θ is an irrational number. Suppose that θ = s r is a rational number. By (1), when k ≤ n,b k |b n , we have
Theorem 1 Assume that series
and A n is an integer number, we notice that
and lim n→∞ c n+1 cn = 0, thus there exists N 1 , when n ≥ N 1 we have
Therefore,
By (2),for (1)
lim n→∞ a n c n+1 c n = 0 then the series ∞ n=1 c n converges to an irrational number.
Remark. In the above theorem, the condition lim n→∞ a n c n+1 cn = 0 is not sufficient because ∞ n=0 n+1 n! = 2e is an irrational number and a n c n+1 cn
is an irrational number. Because by the theorem 2,
Where a n = 1
is an irrational number, because by the theorem 2,
where a n = n 4 , b n = (n!) 5 .
Let's look at a more complicated example as follows:
Example 3. Suppose that r ≥ 1 is an integer, then sin 1 r is an irrational number.
Since
. The remaining is to verify
Similarly,when N is even
Thus for any natural number N, = 0 then α + β is also an irrational number.
In additional,we notice thatb n |b n+1 , so by the theorem 2 we get α + β is an irrational number 
Essentially, we can replace condition 1 of theorem 2 by a more general condition as follows:
an bn where an bn > 0 are rational numbers and
an bn
converges an irrational number
Proof. Let c n = an bn and c n = a n
Obviously,b n |b n+1 , n = 1, 2 · · · and the series ∞ n=1c n satisfies conditions of theorem 2 ,and
n then we finish the proof.
Example 5.
is a irrational number, where p 2 2 n! is 2 2 n! -th prime number. Let's show it as follows:
We need the famous result [1] : let p n is n-th prime number, there exists two positive numbers such that c 1 n ln n < p n < c 2 n ln n,then
we get 2
,by theorem 4,θ is an irrational number
The following theorem shows that condition 2 of theorem 2 is also necessary in some special case. Proof. Obviously, P m (n) < P m (n + 1),so a Pm(n) |a Pm(n+1) , n = 1, 2, · · · which satisfies condition 1 of theorem 2 and
By theorem 2, when m ≥ 2 series 
is a rational number. 
(n is big enough)
then (1)θ is an irrational number (2) When n is big enough, there exists infinite fractions cn bn
such that |θ− cn bn
Proof. According condition 3,when n is big enough, we have
or equivalently
,so
In the last step we use condition 4.By theorem 2, θ is an irrational number.
Let's prove the second part.
We use condition 2 and 3 in the last two steps.
Thus there are infinite number of
(when n is big enough )That proves the theorem Remark. In above theorem, condition 2 and 3 can be replaced by lim n→∞
and lim n→∞
Using theorem 6 and two following known results, we can get two useful theorems , one is about how to determine a given number is transcendental number, the other is about complex analytic dynamics.
Theorem(K.Roth). Let θ be a n ≥ 2 degree algebraic number, then for any given ǫ > 0, there exists only finite positive integer pairs x, y such that |θ − 
an bn is a transcendental number.
Proof. In the theorem 6,let's take f (b n ) = b 2+ǫ n ,then it's easy to verify f (b n ), n = 1, 2, · · · satisfy condition 1 and 3 of theorem 6, we only need to check condition 2 and 4.
Since ǫ > 0 and a n , b n are positive integers, we have
,thus we pass condition 2 of theorem 6. Also because b 1 < b 2 < · · · and ǫ > 0,
, then we finish checking all conditions of theorem 6 get satisfied. By theorem 6, θ is an irrational number, or equivalently, it's not a first order algebraic number,by the conclusion 2, when n is big enough, there exists infinite frac- Example 7. ∞ n=1 3 n 2 3 n is an transcendental number. Because by taking a n = 3 n , n = 1, 2, · · · , b n = 2 3 n and ǫ = 
,it's easy to verify f (b n ) satisfy condition 1 and 3 of theorem 6. We only need to verify condition 2 and 4. Since b n |b n+1 , (n = 1, 2, · · ·) and b n+1 ≥ 2b n ,we have
By theorem 6,θ is an irrational number and there exists infinite fractions cn bn
(n is big enough), then by Cremer theorem, we get our result Example 8. In order to illustrate this example, we need some notation to describe a special series so called "nth exponential floor"as follows:
Set [a n , a n−1 , · · · , a 1 ] n = f n where f n is defined inductively by We notice that 
b n |b n+1 , (n = 1, 2, · · ·)
lim n→∞ a n c n+1 c n = 0
We call the irrational number α has E rational approximation.
Conjecture.Every positive irrational number has E rational approximation.
Remark. The positive answer of above conjecture will give an explicit character of any positive irrational number.
